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Figure 1: Discrete geodesic computed from two input poses (leftmost and rightmost hand).

Abstract
Building on concepts from continuum mechanics, we offer a computational model for geodesics in the space of
thin shells, with a metric that reflects viscous dissipation required to physically deform a thin shell. Different from
previous work, we incorporate bending contributions into our deformation energy on top of membrane distortion
terms in order to obtain a physically sound notion of distance between shells, which does not require additional
smoothing. Our bending energy formulation depends on the so-called relative Weingarten map, for which we
provide a discrete analogue based on principles of discrete differential geometry. Our computational results em-
phasize the strong impact of physical parameters on the evolution of a shell shape along a geodesic path.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational geometry
and object modeling—Physically based modeling

1. Introduction

Imagine being presented with a picture of two different
poses of a shape, such as two postures of a human hand or an
animal body. Based on everyday experience, it might be ob-
vious how to deform one such shape into the other with the
least amount of effort or in a most natural manner. Nonethe-
less, irrespective of how well the human brain might be ca-
pable of reconstructing such deformations, the question of
how to do so automatically remains a challenge.

We offer a step toward an automatic construction of defor-
mation paths between two-dimensional surfaces, based on

a physical deformation paradigm. Viewing surfaces as thin
viscous materials of some finite (albeit small) thickness, we
define the best deformation path between two points in the
space of shells as one that has least energy dissipation, i.e.,
that requires the least total effort (cf. Fig. 1). Although there
might be countless ways to equip shell space with a notion
of distance in principle, our physically motivated approach
appears to conform with human intuition. E.g., geodesic
paths corresponding to our distance notion tend to automat-
ically prevent undesired singularities, such as the formation
of creases or a local collapse of the surface. Our geometric
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formulation is invariant under rigid motions and does not re-
quire any surface parameterization. We introduce the notion
of time-discrete geodesics, which provides a computation-
ally efficient and robust time discretization of geodesics in
shell space, yielding intermediate shapes that are stable with
respect to the spatial discretization of input poses.

The requisite viscous dissipation potential of our model is
closely related to elastic properties of thin shells. We rely on
recent mathematical results that offer a sound justification
for (tangential) membrane and (out-of-plane) bending con-
tributions of smooth thin shells as their thickness approaches
zero. In particular, we employ the so-called relative Wein-
garten map for describing bending energy contributions, and
we offer a discrete theory that closely parallels the smooth
one.

We demonstrate how appropriate choices of material pa-
rameters in our model allow for controlling the appearance
of geodesic paths, resulting in an intuitive paradigm for nav-
igating within shell space.

2. Related work

There exists a vast amount of literature on interpolating and
morphing shapes. One possible approach linearly interpo-
lates local geometric quantities such as edge lengths and di-
hedral angles of triangulated surfaces and then seeks the tri-
angulated surface whose edge lengths and dihedral angles fit
best to the interpolated values, either by optimal alignment
and blending of patches [WDAH10] or by minimizing the
total edge length and dihedral angle difference to the inter-
polated values [FB11].

Sometimes, morphing paths are computed as the gradi-
ent flow of an energy that measures the mismatch between
a template and a reference shape [CFK05]. By designing an
appropriate inner product with respect to which the gradient
is defined, paths with certain properties (such as smoothness
or volume preservation) tend to be preferred [EPT∗07].

An alternative approach is to design energies that
yield morphing paths with a specifically desired behav-
ior [AOW∗08]. Such an approach is conceptually close to
the more general setting of Riemannian shape spaces—an
approach that we also follow in this paper. The respec-
tive Riemannian spaces have been considered for volumet-
ric shape deformations, where the metric imitates a physi-
cal energy dissipation induced by the deformation of a duc-
tile or viscous material. This dissipation is either measured
within shapes [FJSY09, FW06] or in the surrounding space
[DGM98]. Such physical approaches tend to yield intuitive
paths and allow for a simple and natural time discretiza-
tion [WBRS11]. Our approach is inspired by this idea.

For planar curves, different Riemannian metrics have
been devised, including curvature-weighted L2- or Sobolev-
type metrics [MM06, SYM07]. Such metrics can sometimes

be interpreted as a measure of stretching and bending vari-
ations [SKJJ11, SMSY11]. In contrast to volumetric ap-
proaches, Riemannian metrics for spaces of curves or sur-
faces in particular benefit from the additional bending term
that regularizes curvature changes—an observation that we
also exploit in this paper. With regards to the space of sur-
faces, H1-type metrics on surface variations have been stud-
ied [BB11], as well as L2-metrics on special representa-
tions of parameterized surfaces [KKG∗11,KKDS10]. As op-
posed to physics-based approaches, parameterization-based
metrics are not intrinsically blind to rigid body motions.
Moreover, their induced distance is related to the extrinsic
difference between surfaces in ambient space, so that even
isometric surfaces might be far apart from one another. A
combination of extrinsic and intrinsic distance is presented
in [BBK09].

In a different approach, Kilian et al. consider geodesics
between consistently triangulated surfaces [KMP07], where
the Riemannian metric measures stretching of triangle
edges. Their metric is intrinsically invariant with respect to
isometric deformations; however, in order to select between
different isometric paths, a supplementary L2-regularization
is required. The metric by Liu et al. also takes into account
directional changes of edges [LSDM10]. Although the latter
examples explore the space of surfaces, they do not offer a
physically motivated model for the underlying structures.

Our physics-based approach builds on existing literature
for discretizing thin shells in a geometric manner and on
concepts known from Discrete Exterior Calculus (DEC)
[DHLM05, DKT08]. We adapt ideas from Grinspun et al.,
who derive a simple shell model for triangular meshes, con-
sisting of a membrane and a bending term, where the latter
captures differences in mean curvature [GHDS03]. In partic-
ular, we build on the extension to shape operators provided
in [GGRZ06].

From a mathematical perspective, in devising our Rie-
mannian shell space, we rely on recent analytical results
for smooth surfaces, where a curvature-based deforma-
tion energy of thin plates is rigorously derived as a so-
called Γ-limit of three-dimensional nonlinear elasticity the-
ory [FJM01, FJM02] and extended to shells in [FJMM03].

3. A discrete, physical path energy

Consider the question of finding the “best” deformation path
between two given thin shells, i.e., between two thin, curved
layers of material that can undergo smooth deformations in
R

3. In this section, we offer a physically motivated answer
to this question, based on paths of least energy dissipation;
we later cast this answer into a more geometric picture.

Time-continuous setting. Viewing shells as thin three-
dimensional materials, let δ be a scale parameter that re-
flects the thickness of a smooth surface M embedded into
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R
3, and let Mδ denote the corresponding material around
M. Consider now a family (φt)0≤t≤1 of diffeomorphisms
with φ0 = Id. Then φt generates a deformation path φt(Mδ).
Suppose that shells were made of a viscous material, then
such a deformation would lead to viscous friction within
the shell’s volume. The density of viscous friction—known
as dissipation—can be described as a quadratic function
Diss(ε[vt ]) of the symmetrized gradient

ε[vt ] :=
1
2

(
(Dvt)

T +Dvt

)
of the corresponding Eulerian flow field vt = φ̇t ◦ φ

−1
t . We

treat viscous dissipation according to Rayleigh’s analogy
that derives a viscous formulation from an elastic one by
replacing elastic strain by strain rates [Str45].

To this end, we consider an elastic energy density W (A)
acting on symmetric 3×3 matrices (strain tensors) A. In or-
der to maintain invariance under rigid motions, we assume
that W (RT AR) = W (A) for all R ∈ SO(3). We further as-
sume that the identity matrix, 1, is a minimizer, implying
that W (1) = 0 and W,A(1) = 0, where W,A(1) denotes the
derivative of W at the identity. According to Rayleigh’s anal-
ogy, we consider the dissipation density to be given by the
second derivative of elastic energy density at the identity,
i.e.,

Diss(δA) =
1
2

W,AA(1)(δA,δA) (1)

for any symmetric 3× 3 matrix δA. Here W,AA(1)(δA,δA)
denotes the second derivative of W with respect to the varia-
tion δA.

The energy dissipation associated with the accumulated
viscous friction along the deformation path is then given by

E [(φt)0≤t≤1] =
∫ 1

0

∫
φt (Mδ)

Diss(ε[vt ])dxdt . (2)

In this view, a best or shortest path between two shells can
be defined as the path of least energy dissipation.

Time-discrete setting. In order to transform the above
time-continuous setting into a corresponding time-discrete
one, consider the time-discrete family (Mδ

k)k=0,...,K of
shells given by Mδ

k = φkτ(Mδ), where τ = 1
K denotes the

discrete time step. According to the above discussion of
Rayleigh’s analogy, we define the total elastic energy by

W[Mδ,φ(Mδ)] =
∫
Mδ

W (A[φ])dx (3)

for a diffeomorphic deformation φ fromMδ into R3. Here
we let A[φ] := Dφ

T Dφ specifically denote the Cauchy Green
strain tensor. Using (1), a straightforward Taylor expansion
shows that one can approximate, up to second order in τ, the
path energy (2) by

E [M0, . . . ,MK ] :=
1
τ

K

∑
k=1
W[Mδ

k−1,φk(Mδ
k−1)] , (4)

Figure 2: Two discrete geodesic paths show the (physically)
optimal deformation between two poses of a finger (left) and
a hand skeleton (right) (all shells are superimposed). Com-
pare also to Fig. 5 and 6 in [KMP07].

where φk := φkτ ◦φ
−1
(k−1)τ and φk(Mδ

k−1) =M
δ
k . Notice that

on the left-hand side of (4) we have tacitly represented the
corresponding material volumeMδ

k by the surfacesMk.

In this framework a “best discrete path” minimizes
E [M0, . . . ,MK ] under the assumption that M0 and MK
are given. Note that due to (4) we here implicitly asso-
ciate a sequenceM0, . . . ,MK of shells with a sequence of
deformations φ1, . . . ,φK of corresponding material volumes
Mδ

0, . . . ,M
δ
K−1. This means that there is a point relation be-

tween all shellsMk, and in particular the relation between
M0 andMK is given as a priori information. Also, the de-
formation of the material aroundM0, . . . ,MK is simply as-
sumed to be energetically optimal in the sense of the energy
(3). Next, we provide an interpretation of this approach from
a geometric point of view. Then, we approximate the energy
W by an energy directly defined on the two-dimensional
shell surface.

4. Time-discrete geodesics in the space of shells

Shortest geodesic paths on Riemannian manifolds are de-
fined as minimizers of a path energy for fixed end points.
Thus given a discrete path energy the definition of a discrete
geodesic path suggests itself:

Definition [Discrete geodesic in the space of shells] Given
two shells MA and MB we refer to the minimizer
(M0,M1,M2, . . . ,MK) of the discrete path energy (4),
withM0 =MA andMK =MB, as a discrete geodesic.

As the number K of shells increases and the discrete
geodesic path betweenMA andMB becomes refined, one
can expect convergence to a time-continuous shortest path
with respect to a particular metric, which we next iden-
tify. Let Eτ be the path energy from time 0 to time τ of
a smooth path (c(t))t≥0 on a Riemannian manifold with
v = ċ(0). Then one recovers the underlying metric g at c(0)
by g(v,v) = limτ→0

1
τ
Eτ. Hence, in light of the approximate

path energy (4) we obtain the following representation for
the metric g on velocity fields v deforming a given shell
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(which represent the tangent vectors in shell space):

g(v,v) = lim
τ→0

1
τ2W[Mδ,φτ(Mδ)] , (5)

where (φτ)τ≥0 is a deformation path with φ̇0(Mδ) = v.
For smooth deformation fields we thus retrieve the temporal
rate of viscous dissipation

∫
Mδ Diss(ε[v])dx as the associ-

ated metric. Then a simple quadrature argument shows that
W[Mδ,φτ(Mδ)] is a 2nd order approximation of the corre-
sponding squared Riemannian distance dist2(Mδ,φτ(Mδ)).

We point out an interesting fact for discrete paths on com-
plete Riemannian manifolds that motivates the name discrete
geodesic. For any discrete path (i.e., sequence of points)
(c0, . . . ,cK) one has

dist2(c0,cK)≤ K
K

∑
k=1

dist2
(
ck−1,ck

)
, (6)

with equality occurring if and only if all ck lie along a
(smooth) minimizing geodesic curve from c0 to cK and
dist(ck−1,ck) = dist(ck,ck+1) for all 0 < k < K. Our approx-
imation dist2(Mδ,φτ(Mδ)) ≈ W[Mδ,φτ(Mδ)] turns the
right hand side of (6) into our discrete path energy.

5. Deformation energy

Since we view shells as thin material layers, viscous friction
is predominantly caused by two mechanisms (cf. Fig. 3):

(i) friction due to in-layer (tangential) shear or compression,
(ii) friction due to (transversal) shear caused by bending.

Figure 3: Tangential (left) and bending (right) distortion,
leading to viscous friction.

Based on a suitable decomposition and approximation of the
deformation energy in (3), (i) can be described in terms of
membrane strains ofM, while (ii) is associated with bend-
ing strains ofM. This view can be made precise by relying
on a well established theory for the approximation of elastic
deformation energies and the geometry thereof. Indeed, (i)
and (ii) are intimately related to the first and second funda-
mental forms of surfaces, respectively.

According to the path energy (4), it suffices to spell out
elastic energies for pairs of surfaces M̄ and M. Here we
view M̄ and M as the undeformed and deformed surface
(of zero thickness), respectively.

Membrane energy. The change of first fundamental forms
induced by a deformation φ : M̄→M= φ(M̄) can be cap-
tured by a field A[φ] of symmetric positive definite linear

mappings acting on tangent vectors of M̄, defined via

Ī(A[φ]v,w) = I(dφ(v),dφ(w)) .

Here Ī and I are the first fundamental forms on M̄ andM,
respectively, and v,w are tangent vectors on M̄. Note that
the corresponding quadratic form I∗(v,w) = Ī(A[φ]v,w) is
the pullback of the first fundamental form ofM to M̄. Be-
low, we provide an analogous construction for the second
fundamental form.

From the viewpoint of elasticity theory A[φ] is the
Cauchy–Green strain tensor field measuring tangential dis-
tortion. In fact, LeDret and Raoult [LR95] have shown in
the context of Γ-convergence that to leading order, the en-
ergy of a deformation φ : M̄δ → φ(M̄δ) scales linearly in
the thickness parameter δ and after rescaling with 1

δ
is given

by the membrane energy

Wmem[M̄,φ(M̄)] =
∫
M̄

Wmem(A[φ])da , (7)

where the energy density Wmem depends on the field A[φ].
Inspired by the results in [WBRS11], we define the requisite
energy density as

Wmem(A) =
µ
2

trA+
λ

4
detA− 2µ+λ

4
logdetA−µ− λ

4
(8)

where λ and µ are the Lamé constants of a tangential New-
tonian dissipation measure and where trA and detA denote
the trace and determinant of A as an endomorphism on the
tangent bundle of M̄. Notice that detA describes area dis-
tortion, while trA measures length distortion. The polycon-
vex function Wmem(A) is rigid body motion invariant, and
the identity is the minimizer. The logdetA term penalizes
material compression, which in the discrete setting prevents
degeneration of triangles.

Bending energy. Let ĪI and II denote the second fundamen-
tal forms of M̄ andM, respectively. We pull back II to M̄
via

II∗[φ](v,w) := II(dφ(v),dφ(w)) ,

and we define linear mappings B̄ and B corresponding to ĪI
and II∗, respectively. In detail, B̄ is the shape operator on
M̄, i. e. Ī(B̄v,w) = ĪI(v,w), and B is the pulled-back shape
operator on M, i. e. Ī(Bv,w) = II∗[φ](v,w). The difference
Q[φ] := B̄− B is a field of linear operators acting on tan-
gent vectors of M̄, known as the relative Weingarten map.
Friesecke et al. [FJM02,FJMM03] demonstrated that for iso-
metric deformations φ (for whichWmem[M̄,φ(M̄)] = 0) the
leading order term is cubic in the thickness δ and after rescal-
ing with 1

δ3 is given by the bending energy

Wbend[M̄,φ(M̄)] =
∫
M̄

Wbend(Q[φ])da . (9)

Although other choices are conceivable, we consider the
simple choice Wbend(Q) = ‖Q‖2, where ‖.‖ denotes the

c© 2012 The Author(s)
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Figure 4: Discrete geodesic between two hand poses A and B, where the top row shows results from computations of A→B
and the bottom row shows (reversed) results from B→A (both η = 10−4). The underlying dissipation is represented by the
two energy densities, i.e. Wmem (top row, 0 0.01) and Wbend (bottom row, 0 10). Note, that both energies are
mainly concentrated at the joints, where dissipation due to bending is significantly larger than dissipation due to tangential
distortion. The relative difference between path energies of the two sequences is 3%. The deformation energyWdef between two
corresponding shapes in the two sequences is less than 0.01% of the deformation energy from the first to the final shell.

Frobenius norm. Notice that different from bending ener-
gies considered in graphics elsewhere, Wbend(Q) takes into
account the full change of second fundamental forms, not
only the change of their traces (i.e., mean curvatures)—to
the effect that changes of bending directions get accounted
for appropriately.

Deformation energy. Combining membrane (7) and bend-
ing (9) contributions, we approximate the deformation en-
ergy (3) by

W[M,φ(M)] = (Wmem +ηWbend) [M,φ(M)] (10)

and rewrite the path energy (4) as

E [M0, . . . ,MK ] :=
1
τ

K

∑
k=1
W[Mk−1,φk(Mk−1)] , (11)

which solely takes into account the two dimensional shell
surfaces. Notice that according to the above discussion, η =
δ

2; hence,
√

η represents the thickness of the material.

Discussion. Figure 4 shows a discrete geodesic between
two different hand poses. The underlying dissipation rep-
resented by the two energy densities is characterized by a
strong concentration in regions of the joints, where dissipa-
tion due to bending is even more concentrated than dissipa-
tion due to tangential distortion. We note that geodesic paths
need not be unique, and in particular buckling modes might
lead to multiple (shortest) geodesic paths between two in-
put shells (cf. Fig. 5). As discussed above, given two shells
we regard the second as a deformed version of the first, i.e.,
the corresponding material of the second shell is just in a
deformed configuration compared to its configuration in the
first shell. Since every material point has a well-defined po-
sition, we view this deformation φ as a priori information

when computing an optimal path between both shells. In the
discrete setting we accommodate for this situation by work-
ing with meshes of a fixed connectivity, so that φ is indeed
always well-defined.

Figure 5: Symmetric setups can lead to non-unique geodesic
paths. The flat plate as an intermediate shape is avoided
since it would induce high tangential distortion. Therefore
the bumps flip to the other side succesively, while the order
of flipping does not effect the accumulated dissipation.

6. Physical tuning of geodesic paths

The above derivation of the deformation energy (11) com-
pletes our exposition of time-discrete geodesics for the case
of smooth shells. Before introducing a corresponding ver-
sion for discrete shells, we point out that our framework ef-
fortlessly allows a physically based tuning of “best” paths
between shells. Our choice of physics-based deformation
energies offers several advantages. Due to everyday experi-
ence, physical models come close to human intuition so that
our framework tends to lead to intuitive discrete geodesic
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Figure 6: Discrete geodesic (η = 10−4) between skeletons
of a stretched and a bent finger (all shells superimposed),
color-coded by membrane (left, Wmem, 0 10−4,) and
bending energy (right, Wbend, 0 10−1). Compare also
to Fig. 5 in [KMP07].

paths. In particular, along a discrete path one can sepa-
rate bending from stretching effects. The former especially
play an important role for near-isometric deformations (see
Fig. 6), an ubiquitous case in applications. Here, the energy
dissipation due to bending serves as the proper path selec-
tion mechanism, without the use of additional (usually non-
physical) regularizers as in [KMP07]. In this respect, the
parameter η may also be seen as the natural regularization
parameter (see Fig. 7). Obviously, the parameters η,λ,µ in

Figure 7: The bending term serves as a natural regu-
larization; there is no need for artificial regularizers as
in [KMP07] (top row, η = 0.8). Decreasing η leads to the
occurance of creases until the underlying matching defor-
mations are finally only as-isometric-as-possible (bottom,
left to right: intermediate shape of a geodesic with η =
0.8,0.01,0.0001).

our deformation energy have a physical interpretation and
can be adjusted to change the typical behavior of shells. As
discussed previously, η describes the approximate squared
width δ

2 of the shell, a measure of resistance against bend-
ing: Geodesics with low η allow for crumpling (Fig. 8)—
and if the initial and final shell are near-isometric, this prop-

Figure 8: Discrete geodesic between two hemispheres with
fixed rim. The low bending resistance allows crumpling (η =
10−4, λ = µ = 1).

erty is approximately maintained for intermediate shells dur-

ing the deformation. Vice-versa, a larger η prevents crum-
pling at the cost of involving a fair amount of tangential
stretching (Fig. 9,10). Both types of behavior are perfectly
consistent with the intuitively optimal way to deform an alu-
minum foil or a thick metal sheet, respectively.

Figure 9: Discrete geodesic for low (top, η = 0.005) and
high (bottom, η = 0.1) bending resistance (λ = µ = 1). Stiff
materials prefer the handle being folded (inducing bending
dissipation) whereas soft materials stretch the outer frame
(i.e. induce tangential distortion) to avoid folding.

The parameters λ and µ represent the respective resistance
against area and length changes, whose relative magnitudes
also influence the appearance of discrete geodesics: In the
previous examples we have pointed out that area compres-
sion can be avoided by out-of-plane buckling for sufficiently
small bending resistance (see Fig. 11 bottom for an addi-
tional example). An alternative effect occurs for a low ratio
µ/λ between shearing and dilation resistance, which allows
for a simultaneous shell contraction in one and extension in
the opposite direction (Fig. 11 top).

Figure 11: Discrete geodesics between two bracket shapes
with fixed rim (all shapes superimposed), color-coded by
detA[φ] (left, 0 1.5) and trA[φ] (right, 0 2.5).
While a high ratio µ/λ = 20 of shear to dilation resistance
leads to the formation of loops (bottom), a low ratio of
µ/λ = 1/20 leads to simultaneous extension and contrac-
tion in two orthogonal directions (top). Note that the central
constriction of the intermediate shells is found as a means to
reduce the bending resistance locally.

c© 2012 The Author(s)
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Figure 10: Discrete geodesic for low (top, η = 10−6) and high (bottom, η = 10−1) bending resistance (λ = µ = 1).

7. Discrete shells

Mimicking our discussion of the smooth setting in Section 5,
we require discrete versions of membrane and bending en-
ergies for pairs of polyhedral surfaces M̄ and M in order
to compute the path energy (11) for sequences of polyhedral
surfaces. As before, we view M̄ as the undeformed andM
as the deformed two-dimensional surface. We also assume
that M̄ andM have the same connectivity, to the effect that
a piecewise linear mapping φ between these surfaces is read-
ily available. Following our exposition in the smooth case,
we require discrete notions of first and second fundamental
forms, for which various versions can be found in the litera-
ture. Here we lay out our specific choices.

Membrane energy. We consider the standard constant
strain triangle (CST) formulation to represent the membrane
energy needed to deform a triangle T̄ into a triangle T . In
order to obtain compact expressions for the requisite first
fundamental forms Ī and I, notice that in dimension two, ev-
ery quadratic form is uniquely determined by its action on
three different vectors. Associating these vectors with the
triangle edges e1,e2,e3 of T , we define Ii := ‖ei‖2 as the
squared length of the ith edge of triangle T . Analogous to
the smooth setting, we define the pullback of the first funda-
mental form fromM to M̄ by a piecewise linear mapping
A via Ī(A·, ·) = I(dφ·,dφ·), which can be expressed per tri-
angle by

AT̄ =
1

8|T̄ |2
3

∑
i=1

(I j + Ik− Ii) t̄i⊗ t̄i , (12)

where the indices j = i+ 1 (mod 3) and k = i+ 2 (mod 3)
refer to the cyclic ordering of edges of T̄ , ⊗ denotes the
outer product, t̄i is the result of clockwise rotating edge ēi
by π/2 in the plane of T̄ , and |T̄ | denotes the area of T̄ . The
associated membrane energy takes the form

Wmem[M̄,M] = ∑
T̄

Wmem(AT̄ )|T̄ | , (13)

where we sum over all triangles T̄ of M̄ and we use the
exact same energy density (8) as in the smooth case. How-
ever, notice that AT̄ has a null space corresponding to the
normal direction; hence, we replace detAT̄ by det(AT̄ +
(ē1×ē2)⊗(ē1×ē2)

4|T̄ |2 ) in (8) in order to account for this effect in
our implementation.

Bending energy. To be consistent with the above assump-
tions that first fundamental forms are constant per triangle,
we work with second fundamental forms that have the same
property. Since second fundamental forms are quadratic
forms that account for the change of normals, we require
three normals per triangle, which we associate with edge
midpoints, by adopting and adapting ideas from [GGRZ06].

N3

N1

N2

e12
e31

e23

For every edge e = T1 ∩ T2
between two triangles, we de-
fine Ne as the normalized sum
of the unit normals belong-
ing to the elements T1 and T2.
For boundary edges, we take
the respective triangle nor-
mal. With normals associated
to edge midpoints, the (dis-
crete) 1-form dN acts on line
segments connecting these midpoints. Indeed, fixing a trian-
gle T with edges e1,e2,e3 and corresponding edge normals
N1,N2,N3 we find that dN(ei j) =

∫
ei j

dN = N j−Ni, where
ei j is the line segment connecting the midpoint of ei with
that of e j. Using the vector identity ek = −2ei j, where k is
the complementary index to i and j in T , we accordingly
define

IIk := II(ek,ek) = 2(Ni−N j) · ek

as the action of the second fundamental associated with a
triangle T along the direction ek. We make analogous defi-
nitions for the second fundamental form of the undeformed
surface, i. e. , ĪIk := 2(N̄i− N̄ j) · ēk.

Again, the quadratic forms ĪIT̄ and IIT are uniquely deter-
mined by ĪIi and IIi, with i ∈ {1,2,3}, respectively. Analo-
gous to the smooth setting, we define discrete shape opera-
tors via Ī(B̄·, ·) = ĪI(·, ·) and Ī(B·, ·) = II(dφ·,dφ·). Similar
to our treatment of first fundamental forms, per triangle we
obtain

BT̄ =
1

8|T̄ |2
3

∑
i=1

(II j + IIk− IIi) t̄i⊗ t̄i , (14)

and analogously for B̄T̄ by replacing IIi by ĪIi for i ∈
{1,2,3}. As in the smooth case, we define a relative Wein-
garten map QT̄ := BT̄ − B̄T̄ . The respective bending energy
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is

Wbend[M̄,M] = ∑
T̄

Wbend(QT̄ )|T̄ | , (15)

where again we use the exact same energy density Wbend(Q)
as in the smooth case, i.e. Wbend(Q) = ‖Q‖2.

Discussion. Our numerical experiments suggest that the re-
sulting discrete geodesics are fairly mesh independent, even
though the energy is only expected to become mesh inde-
pendent for a very fine resolution. Figure 12 provides an ex-
ample of this observation, where the path energy between a
regular and an irregular discretization differs by 18% relative
error, while the resulting shapes are fairly similar.

Figure 12: Discrete geodesic between flat and rolled state
for regular (left) and irregular discretization (right), using
1100 nodes per shape (η = 0.001).

8. Multilevel Optimization

The minimization of the discrete deformation energy is a
nonlinear optimization problem in R

3 M (K−1), where M is
the number of vertices of the triangulated shells, K the num-
ber of time steps. We apply a Quasi-Newton method with
DFP updating formula to approximate the Hessian, com-
bined with a line search method subject to the strong Wolfe
conditions. The stopping criterion is based on a threshold of
10−8KM in the squared l2-norm for the energy gradient. Im-
plementation details of the Quasi-Newton minimization are
found in [NW99]; it only requires evaluation of the energy
and its gradient. The formulas for the energy are provided
in (10) and (11) with the requisite terms given by (13), (15).
Note that (12) and (14) already provide matrix representa-
tions of the corresponding linear operators so that they can
be directly inserted into Wmem and Wbend. Given these for-
mulae, it is a simple but tedious exercise to compute the gra-
dient with respect to each vertex position.

Each energy and gradient evaluation has complexity
O(3MK), where a parallelization over the K discrete steps
is straightforward. Table 1 shows average times for a single
Quasi-Newton descent step.

Whenever feasible, the initialization is given by the lin-
ear interpolation of the two input shells MA,MB. Table 2
shows a convergence test for the simple test problem of a
geodesic given by a family of expanding spheres with highly
resolved triangulations. We experimentally observe fast con-
vergence and a small lack of symmetry if the two input

data Fig. 6 Fig. 9 Fig. 4 Fig. 13
#nodes M 2000 5500 13000 40000
time (s) 0.25 1.5 2 5

Table 1: Average time for a single Quasi-Newton iteration
(contains one gradient evaluation and several energy eval-
uations due to line search), where the K discrete steps are
treated in parallel on K processors with 2.2 GHz each.

K+1 r = 2→ r = 1 r = 1→ r = 2 rel. error
2 55.0227 58.6711 .066
3 51.5990 52.0550 .009
5 50.6144 50.6688 .001
9 50.3408 50.3480 .000

Table 2: Path energy of a discrete geodesic with length K +
1. The second (third) column corresponds to the geodesic
from a sphere of radius 2 (1) to a sphere of radius 1 (2).

shapes are exchanged. Not only the path energies but also
the intermediate shells are robust with respect to exchanging
the end shells (unless the end shells are connected by multi-
ple geodesics as in Figs. 5 or 11 so that the realized discrete
path depends on the path initialization). Swapping initial and
final shell in Fig. 4 results in visually almost identical inter-
mediate shells which differ from the original ones only by a
deformation with energy three orders of magnitude less than
the energy of the deformation from the first to the final shell.

Similarly to [KMP07] we introduce a multilevel approach
based on Progressive Meshes [HDD∗93, Hop98]. The two
input meshes MA and MB are simultaneously decimated
using edge collapses while preserving a one-to-one mesh
topology correspondence. In each decimation step a single
edge is removed according to an appropriate error functional
[GH97]. The geodesic optimization problem is first solved
on the coarsest level. Then in a cascadic fashion the discrete
geodesic is stepwise prolongated via nodal interpolation to
the next finer grid level and optimized again.

Without a multilevel technique, the optimization in Fig. 6
(2000 nodes) needs about 3 ·105 iterations. The correspond-
ing computation time of 2.5 h can be reduced to 628 s by
using a hierarchy of four resolutions, where between each
two levels the number of nodes reduces by the factor 0.3 (re-
sulting in 1616, 4166, 15, and 2033 Quasi-Newton iterations
from coarsest to finest level). However, we expect a further
significant reduction in the number of iterations when re-
placing the Quasi-Newton method by a true Newton method.

Additionally we apply a temporal refinement process, i. e.
we successively add intermediate shells. Every new shell is
initialized via the calculation of a time-discrete geodesic of
length 3 between the temporally neighboring shells. The spa-
tial and temporal refinement are then combined leading to a
multilevel optimization scheme in space-time as an effective
method to compute discrete geodesic paths between com-
plex input shells (cf. Fig. 13).
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Figure 13: A sketch of the multilevel computation of a discrete geodesic, where progressive meshes and temporal refinement of
the geodesic paths are applied with a reduction of nodes to less than 1% from bottom to top. Compare also to Fig. 1 in [KMP07]
and Fig. 13 in [WDAH10].

Note that in the current algorithm we observe a lack of
proper termination of the solver for large η values (η > 1)
representing a strong bending energy. Another numerical
difficulty is caused by the fact that the mesh decimation al-
gorithm in its current implementation does not take into ac-
count the local deformation strength, which varies across the
shell. Thus, regions of strong deformation might get coars-
ened although they should better stay finely resolved. This
might lead to slightly less balanced deformation steps at very
coarse resolutions (cf. top green shell in Fig. 13). Possibly
due to such effects, the needed total number of iterations
strongly varies with the chosen number and resolutions of
the different refinement levels, and heuristics for an optimal
choice still have to be found.

9. Conclusions

We considered geodesic paths in the infinite-dimensional
manifold of thin shell shapes as a model for smooth shape
interpolation. The underlying metric is chosen as the physi-
cal energy dissipation due to shell stretching, shearing, and
bending, where we interpret a shell variation as a defor-
mation of a sheet of ductile material. Replacing the time-
continuous shell deformation by a finite sequence of step-
wise deformations with associated elastic energies we ar-
rive at an intuitive and simple definition of time-discretized
geodesics as discrete paths which minimize the correspond-
ing energies of the stepwise deformations. Our time dis-

cretization allows quite coarse time resolution (cf. Tab. 2)
and is a great advantage of the proposed model as it is al-
gorithmically much simpler than the alternative of directly
approximating solutions of the geodesic equations.

The elastic energy of the stepwise deformations splits into
a physically sound hyperelastic membrane energy, which
only measures the change in the first fundamental form, and
a bending energy, which depends on the relative Weingarten
map between undeformed and deformed shell and whose
form can analytically be derived from three-dimensional
elasticity theory. This strong physical foundation leads to
very natural time-discrete geodesic paths, which can be
tuned via a set of physical parameters. In particular the use of
a physically correct bending energy already ensures smooth
paths without any additional regularization.

For numerical computations, shells are triangulated, and
the different energy contributions are approximated on the
discretized shells. The derivation from a continuous for-
mulation leads to the experimentally observed, valuable in-
dependence of the geodesic paths from the particular dis-
cretization and allows to employ a simple multilevel opti-
mization approach.

Next steps necessarily involve the rigorous mathematical
justification of the approach in the space continuous setting.
Also, the same framework proposed here will be applied
for geodesic extrapolation and parallel transport on the shell
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space. Furthermore, one might be interested in geodesic
paths where the point relations between both end shapes are
not prescribed.
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